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On the Values of Kloosterman Sums
Igor E. Shparlinski

Abstract—Given a prime � and a positive integer �, we show that
the shifted Kloosterman sums
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where � is a nontrivial additive character of a finite field � of ��

elements, do not vanish if � belongs to a small subfield � � � .
This complements recent results of P. Charpin and G. Gong which
in turn were motivated by some applications to bent functions.

Index Terms—Bent functions, Kloosterman sums, Lucas and
Lehmer numbers.

I. INTRODUCTION

F OR a prime and positive integer , we consider Kloost-
erman sums

where is a nontrivial additive character of a finite field of
elements (clearly, does not depend on the choice of

).
Motivated by some applications to so-called bent functions,

Charpin and Gong [1] have considered the question of character-
ising the set of , for which the shifted Kloosterman
sum

vanishes. That is, the set is defined as follows:

see also [2].
In particular, it is shown in [1] that if and

is even then

Here we obtain a general result which applies for any and
asserts that does not contain elements from small subfields
of of relative degree bounded by some explicit function
of .
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Theorem 1: For any where

if

if

we have

The proof is based on the classical representation of Kloost-
erman sums via the roots of the corresponding Zeta-function
and results of Bilu, Hanrot, and Voutier [3] and Voutier [4] on
primitive divisors of Lucas and Lehmer numbers, which in turn
improve upon the classical result of Schinzel [5].

In particular, one of the goals of this paper is to exhibit some
traditional number-theoretic techniques and results which have
never been applied in the context of coding theory and cryptog-
raphy.

Finally, we remark that Theorem 1 has been used by Lisoněk
and Moisio [6] to make further progress on the structure of the
set .

II. PREPARATIONS

We summarize the necessary properties of Kloosterman as
follows (see [7, Theorem 11.8] and also the proof of [7, Lem-
ma 11.21]).

Lemma 2: For any , we define and
as the roots of the polynomial .
Then

We remark that in the formulation of Lemma 2 we have im-
plicitly used the fact that the values of Kloosterman sums are
real numbers, which easily follows from the identity

Let be an algebraic number field. Given two algebraic in-
tegers and a positive integer we say that
has a primitive divisor if there is a prime ideal which divides

but does not divide for .
We now recall the following result of Voutier [4, Theorem 2].

Lemma 3: Suppose that and are algebraic integers of
degree over such that is not a root of unity. Then

has a primitive divisor for every integer , where
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In the case where and are conjugated quadratic irrational-
ities a much better estimate has been given by Bilu, Hanrot, and
Voutier [3]

Lemma 4: Suppose that and are algebraic integers such
that and is not a root of unity. Then
has a primitive divisor for every integer .

III. PROOF OF THEOREM 1

Let . Since any additive character of
is of the form

for some , where

is the trace of in , we see that

for all . Furthermore, since , we have

where

is the maximal real subfield of , which is of degree

over , see [8, Ch. 2]. Therefore, and belong
to some quadratic extension of . In particular, is
of degree

(1)

over .
Assume that for we have

Then by Lemma 2 we obtain

(2)

where . Suppose that is a root of
unity. We derive from (2) that

(3)

Since is an algebraic integer and
, we see that is di-

visible by a prime ideal which divides in . Hence (3) is
impossible.

Therefore, is not a root of unity. Further-
more, from the identity

we see that if (2) holds then has no prim-
itive divisor. Using the bound (1) and recalling Lemma 3, we
obtain the desired result in the case of .

For , we recall that (which follows from
the well-known connection between Kloosterman sums and the
number of points on elliptic curves, see [9]–[13]). Thus, in this
case Lemma 4 applies and we conclude the proof.

IV. REMARKS

We note that we have not tried to get the best possible results.
Our goal has been to provide a short proof of the fact that
does not have elements from small subfields of , where the
largest relative degree can be estimated in terms of only. We
have also exhibited a link between the distribution of values of
Kloosterman sums and some classical number theory problems.
It is quite possible that using the bound of linear forms in loga-
rithms [14]–[16] one can improve our estimates. Such estimated
underly the results of [3]–[5] but can probably be applied in a
more direct way. We also remark that the result of Niederreiter
[17] on the distribution of values of Kloosterman sums, which
in turn is based on the quantitative form of the Sato–Tate con-
jecture due to Katz [18], immediately implies that

(4)

Furthermore, for , there is a direct link between Kloost-
erman sums and elliptic curves, see [9]–[13]. Thus, using
bounds on the Kronecker class number in the same fashion in
the bound of Lenstra [19, Proposition 1.9] on the number of
isogenous elliptic curves one can probably derive that

(5)

for . It is also plausible that using some results of Katz
[18] one can improve (4) and obtain an analogue of (5) for any
prime .

Finally, we remark that in the case of fields of large character-
istic, there are very general results of Fisher [20], [21] and Wan
[22] on the structure of the value set and distinctness of multi-
dimensional Kloosterman sums.
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